Following a brief review of the history of the link between Einstein's velocity addition law of special relativity and the hyperbolic geometry of Bolyai and Lobachevski, we employ the binary operation of Einstein's velocity addition to introduce into hyperbolic geometry the concepts of vectors, angles and trigonometry. In full analogy with Euclidean geometry, we show in this article that the introduction of these concepts into hyperbolic geometry leads to hyperbolic vector spaces. The latter, in turn, form the setting for hyperbolic geometry just as vector spaces form the setting for Euclidean geometry.
Introduction
The hyperbolic law of cosines is nearly a century old result that has sprung from the soil of Einstein's velocity addition law that Einstein introduced in his 1905 paper [1, 2] that founded the special theory of relativity. It was established by Sommerfeld (1868 Sommerfeld ( -1951 in 1909 [3] in terms of hyperbolic trigonometric functions as a consequence of Einstein's velocity addition of relativistically admissible velocities. Soon after, Varičak (1865 Varičak ( -1942 established in 1912 [4] the interpretation of Sommerfeld's consequence in the hyperbolic geometry of Bolyai and Lobachevski. Varičak's interpretation marks the first uncovered link between Einstein's velocity addition law and hyperbolic geometry. The hyperbolic geometry revolution of János Bolyai is described in [5, 6] .
Owing to its strangeness, some regard themselves as excluded from the profound insights of hyperbolic geometry so that this enormous portion of human achievement is a closed door to them. But this article opens the door on its mission to modernize some aspects of the hyperbolic geometry of Bolyai and Lobachevski by introducing a gyrovector space approach to hyperbolic geometry guided by analogies that it shares with the common vector space approach to Euclidean geometry. These analogies allow readers to utilize their knowledge of Euclidean geometry and Newtonian physics to gain intuitive grasp of hyperbolic geometry and special relativity.
The gyrovectors that give rise to gyrovector spaces are hyperbolic vectors that allow Einstein's velocity addition to be presented as gyrovector addition. In 1924 Varičak had to admit to his chagrin that the adaption of vector algebra for use in hyperbolic space was just not feasible [7, p. 80] , as noted by Walter in [8, p. 121] . Accordingly, the introduction of vector algebra into hyperbolic geometry offered in [9] was noted by Walter in [10] . In fact, hyperbolic vectors (that is, gyrovectors) are presented in [11] as equivalence classes of directed hyperbolic segments that add according to the hyperbolic parallelogram (gyroparallelogram) addition law, just as vectors are equivalence classes of directed segments that add according to the parallelogram addition law in Euclidean geometry.
Einstein's failure to recognize and advance the related extraordinarily rich structure contributed to the eclipse of his law of velocity addition. Significantly extending Einstein's unfinished symphony, this article demonstrates that Einstein's velocity addition law is a century old idea whose time has come back owing to its novel intimate link with hyperbolic geometry.
Einstein addition
Let c be the vacuum speed of light, and let
be the c-ball of all relativistically admissible velocities of material particles.
It is the open ball of radius c, centered at the origin of the Euclidean three-space R 3 , consisting of all vectors v in R 3 with magnitude v smaller than c. Einstein addition ⊕ in the c-ball of R 3 c is given by the equation
for all u, v ∈ R 3 c , where u·v and u × v are the inner product and the vector product that the ball R 3 c inherits from its space R 3 , and where γ u is the gamma factor
in the c-ball, u 2 = u·u. Owing to the vector identity [12] (x × y) × z = −(y·z)x + (x·z)y (4)
x, y, z ∈ R 3 , Einstein addition (2) can also be written in the form [13, 14, 9 ]
which remains valid in higher dimensions as well. The advantage of the representation (5) over the representation (2) of Einstein addition is that the former can be extended straightforwardly to the ball of a real or complex inner product space of any dimension, as we do in Definitions 1 and 2. Einstein addition (5) of relativistically admissible velocities was introduced by Einstein in his 1905 paper [15, p. 141] . The Euclidean three-vector algebra was not so widely known in 1905 and, consequently, was not used by Einstein. Einstein calculated in [1] the behavior of the velocity components parallel and orthogonal to the relative velocity between inertial systems, which is as close as one can get without vectors to the vectorial version (5).
In the Newtonian limit, c → ∞, the ball R 3 c of all relativistically admissible velocities expands to the whole of its space R 3 , as we see from (1) , and Einstein addition ⊕ in R 3 c reduces to the ordinary vector addition + in R 3 , as we see from (5) and (3) .
Suggestively, we extend Einstein addition of relativistically admissible velocities by abstraction in the following definition of Einstein addition in the ball of any real inner product space.
Definition 1 (Einstein Addition in the Real Ball). Let V = (V, +, ·) be a real inner product space [16] and let V s be the s-ball of V,
where s > 0 is an arbitrarily fixed constant. Einstein addition ⊕ is a binary operation in V s given by the equation
where γ u is the gamma factor
in V s , and where · and are the inner product and norm that the ball V s inherits from its space V.
We naturally use the abbreviation u v = u ⊕ (−v) for Einstein subtraction. Thus, for instance, v v = 0, v = 0 v = −v and, in particular,
and
for all u, v in the ball, in full analogy with vector addition and subtraction. Identity (9) is known as the automorphic inverse property, and Identity (10) is known as the left cancellation law of Einstein addition. We may note that Einstein addition does not obey the right counterpart of the left cancellation law (10) since, in general,
However, this seeming lack of a right cancellation law of Einstein addition is repaired in [11, 
that provides the historic link between Einstein's special theory of relativity and the hyperbolic geometry of Bolyai and Lobachevski, as we will see in Section 5. When the vectors u and v in the ball V s of V are parallel in V, u v, Einstein addition reduces to the binary operation between parallel velocities,
which is both commutative and associative. In general, however, Einstein addition is neither commutative nor associative. The non-associativity of the general Einstein velocity addition (7) is hardly known in the literature [17] . Among outstanding exceptions are [14, 9, 11] .
In the Newtonian limit of large s, s → ∞, the ball V s expands to the whole of its space V, and Einstein addition, ⊕, reduces to the common vector addition, +, in V.
Einstein addition in the real ball can straightforwardly be extended to the complex ball, as we see in the following.
Definition 2 (Einstein Addition in the Complex Ball). Let (V, +, ) be a complex inner product space and let V s be the s-ball of V,
where s > 0 is an arbitrarily fixed constant. Einstein addition ⊕ EC is a binary operation in V s given by the equation
in V s , and where and are the inner product and norm that the ball V s inherits from its complex vector space V.
The gamma factor is related to the complex Einstein addition by the identity
It has gone unnoticed that Einstein addition in the complex ball plays a pivotal role in the theory of spaces of holomorphic functions in the unit ball B = V s=1 [18, 19] . To uncover this pivotal role let us consider the self map φ a : B → B, a ∈ B, of the complex unit ball B given by
The map φ a is an involutive automorphism that plays a crucially important role in the theory of spaces of holomorphic functions in the unit ball [18, Sec. [18, 19] , that the application of the involutive automorphism φ a to z in the complex ball is nothing else but the complex Einstein addition, (15) , of a and −z,
Seemingly structureless, Einstein addition in (7) and Einstein complex addition in (15) are neither commutative nor associative.
The breakdown of commutativity in Einstein addition is known in the literature on special relativity theory. Indeed, Einstein's exposé of velocity composition for two inertial systems emphasizes the lack of symmetry in the formula for the direction of the relative velocity vector [1, pp. 905-906] [8, p. 117 ]. Borel's attempt to "repair" the seemingly "defective" Einstein velocity addition in the years following 1912 is described by Walter in [8, p. 117] .
In contrast, the breakdown of associativity in Einstein addition is generally unheard of in the literature (among exceptions are [20, 9, 11, 14] ), leading some authors to believe that Einstein's velocity addition law is associative. Thus, for instance, Sonego and Pin erroneously claim [21, p. 852] [22, 17 ] that Einstein's velocity addition law is associative, attributing the alleged associativity to the relativity principle.
While the breakdown of commutativity is generally acceptable, the breakdown of associativity is not; see, for instance, [23, p. 208] . However, readers of this article will find that the breakdown of commutativity and associativity in Einstein's velocity addition law is an asset rather than a liability, enriching the nonassociative algebra of Einstein's special theory of relativity and its underlying geometry, the hyperbolic geometry of Bolyai and Lobachevski.
For the presentation of the rich, non-associative algebra that underlies Einstein's velocity addition and its hyperbolic geometry, we start Section 3 with the formal gyrogroup definition. Readers who, instructively, wish to see an elementary, good intuitive motivation for the gyroextension of groups into gyrogroups before embarking on the formal gyrogroup definition, may find it in [24, 25] . On a more advanced level, readers who wish to realize that gyrogroups abound in group theory are referred to [26] [27] [28] .
Gyrogroups
Guided by analogies with groups, and taking the key features of Einstein addition (both, real and complex) as axioms, we arrive at the following definitions of gyrogroups and gyrocommutative gyrogroups [29, 20, 30, 31, 9, 32, 33, 11, 34] . For the gyrogroup definition in Definition 3 we recall that a groupoid (G, ⊕) is a nonempty set, G, with a binary operation, ⊕, and that an automorphism of a groupoid (G, ⊕) is a bijective self map f of G that respects its
The set of all automorphisms of a groupoid (G, ⊕) forms a group, denoted Aut(G, ⊕).
Definition 3 (Gyrogroups)
. A groupoid (G, ⊕) is a gyrogroup if its binary operation satisfies the following axioms. In G there is at least one element, 0, called a left identity, satisfying
for all a ∈ G. There is an element 0 ∈ G satisfying axiom (G1) such that for each a ∈ G there is an element a ∈ G, called a left inverse of a, satisfying
Moreover, for any a, b, c ∈ G there exists a unique element gyr[a, b]c ∈ G such that the binary operation obeys the left gyroassociative law
The map gyr 
The gyrogroup axioms (G1)-(G5) in Definition 3 are classified into three classes.
(1) The first pair of axioms, (G1) and (G2), is reminiscent of the group axioms; (2) The last pair of axioms, (G4) and (G5), presents the gyrator axioms; and (3) The middle axiom, (G3), is a hybrid axiom linking the two pairs of axioms in (1) and (2).
As in group theory, we use the notation a b = a ⊕ ( b) in gyrogroup theory as well. In full analogy with groups, gyrogroups are classified into gyrocommutative and non-gyrocommutative gyrogroups.
Definition 4 (Gyrocommutative Gyrogroups). A gyrogroup (G, ⊕) is gyrocommutative if its binary operation obeys the gyrocommutative law
for all a, b ∈ G.
Clearly, a (commutative) group is a degenerate (gyrocommutative) gyrogroup the gyroautomorphisms of which are all trivial. The algebraic structure of gyrogroups is, accordingly, richer than that of groups. Thus, without losing the flavor of the group structure we have generalized it into the gyrogroup structure to suit the needs of Einstein addition in the hyperbolic geometry of Bolyai and Lobachevski that underlies the special theory of relativity.
The gyrocommutative gyrogroup definition is tailor-made for the structure of Einstein addition. Accordingly, Einstein addition, both real and complex, is a gyrocommutative gyrogroup operation, as one can check straightforwardly by employing a computer system for symbolic manipulation, like Mathematica or Maple.
The first discovered gyrocommutative gyrogroup was the Einstein gyrogroup (V s , ⊕) of Definition 1. It was discovered in 1988 [20] following which the first non-gyrocommutative gyrogroup was discovered in 1996 in [35] . Today we know that gyrogroups, both gyrocommutative and non-gyrocommutative, abound in group theory [27] . The simplest example of a nontrivial infinite gyrocommutative gyrogroup seems to be the complex open unit disc with its Möbius addition [36, 37, 24, 25] , where Möbius addition is extracted from the well-known Möbius transformation of the disc commonly studied in complex analysis [38, pp. 176-180] .
When realizing the abstract gyrocommutative gyrogroup by the concrete example (R 3 c , ⊕) of the ball V c = R 3 c of relativistically admissible velocities and its Einstein velocity addition ⊕ in (5), the abstract gyrations are realized by Thomas precessions [34, 39] . Thomas precession, in turn, is a peculiar space rotation in special relativity, the physical significance of which was discovered by the American physicist Llewellyn H. Thomas (1902 Thomas ( -1992 in 1926 [40] [9, Chap. 1]. The abstract Thomas precession is called Thomas gyration, giving rise to the prefix "gyro" that we extensively use in gyrolanguage to emphasize analogies with classical results. An elegant geometric interpretation of gyrations is found in [41] and [9, Eq. (7.10)]. In order to capture analogies with groups, we introduce into the abstract gyrogroup (G, ⊕) a second operation called cooperation, or coaddition, which shares useful duality symmetries with its gyrogroup operation ⊕ [9, 11] .
Definition 5 (The Gyrogroup Cooperation (Coaddition)). Let (G, ⊕) be a gyrogroup. The gyrogroup cooperation (or coaddition) is a second binary operation in G related to the gyrogroup operation (or addition) ⊕ by the equation
Naturally, we use the notation a b = a ( b) where b = −b, so that
The gyrogroup cooperation is commutative if and only if the gyrogroup operation is gyrocommutative [11, Theorem 3.4] . Hence, in particular, Einstein coaddition is commutative since Einstein addition ⊕ is gyrocommutative. The commutativity of Einstein coaddition proves useful in the hyperbolic parallelogram law (42) of relativistic velocities, presented in Fig. 1 . The gyrogroup cooperation is expressed in (20) in terms of the gyrogroup operation ⊕ and gyrator gyr. It can be shown that, similarly, the gyrogroup operation ⊕ can be expressed in terms of the gyrogroup cooperation and gyrator gyr by the identity [11, Theorem 2.10],
for all a, b in a gyrogroup (G, ⊕). Identities (20) and (22) exhibit one of the duality symmetries that the gyrogroup operation and cooperation share. First gyrogroup theorems are presented in [9, 11] . In particular, it is found that any gyrogroup possesses a unique identity (left and right) and each element of any gyrogroup possesses a unique inverse (left and right). Similarly, the left gyroassociative law (G3) and the left loop property (G5) have the following right counterparts
respectively. Furthermore, any gyrogroup obeys the left cancellation law,
and the two right cancellation laws,
Like Identities (20) and (22), Identities (26) and (27) present a duality symmetry between the gyrogroup operation ⊕ and cooperation .
Applying the left cancellation law (25) to the left gyroassociative law (G3) of a gyrogroup we obtain the gyrator identity
It demonstrates that the gyrations of a gyrogroup are uniquely determined by the gyrogroup operation. Furthermore, it is clear from the (gyrocommutative law and the) gyroassociative law that gyrations measure the extent to which the gyrogroup operation deviates from (both commutativity and) associativity. A (commutative) group is accordingly a (gyrocommutative) gyrogroup whose gyrations are trivial. Hence, the gyrogroup structure is richer than the group structure and, in particular, the algebra of Einstein velocity addition is richer than that of Newtonian velocity addition.
Einstein gyrovector spaces
Definition 6. An Einstein gyrovector space (V s , ⊕, ⊗) is an Einstein gyrogroup (V s , ⊕) with scalar multiplication ⊗ given by the equation
where r is any real number, r ∈ R, v ∈ V s , v = 0, and r ⊗ 0 = 0, and with which we use the notation v ⊗ r = r ⊗ v.
Einstein scalar multiplication does not distribute with Einstein addition, but it possesses other properties of vector spaces. For any positive integer n, and for all real numbers r, r 1 , r 2 ∈ R and v ∈ V s ,
Any Einstein gyrovector space (V s , ⊕, ⊗) inherits an inner product and a norm from its vector space V which are invariant under gyrations, that is,
for all a, b, u, v ∈ V s .
Unlike vector spaces, Einstein gyrovector spaces (V s , ⊕, ⊗) do not possess the distributive law since, in general,
for r ∈ R and u, v ∈ V s . One might suppose that there is a price to pay in mathematical regularity when replacing ordinary vector addition with Einstein addition, but this is not the case as demonstrated in [9, 11] and in this article, and as noted by Walter in [10] .
Linking Einstein addition to hyperbolic geometry
The Einstein pseudo distance function, d(u, v) in an Einstein gyrovector space (V s , ⊕, ⊗) is given by the equation
u, v ∈ V s , We call it a gyrodistance function in order to emphasize the analogies it shares with its Euclidean counterpart, the distance function u − v in V.
In a two dimensional Einstein gyrovector space (R 2 s , ⊕, ⊗) the squared gyrodistance between a point x ∈ R 2 s and an infinitesimally nearby point
, is given by the equation [11, p. 228 ]
where, if we use the notation r 2 = x 2 1 + x 2 2 , we have
The triple (g 11 , g 12 , g 22 ) = (E, F, G) along with g 21 = g 12 is known in differential geometry as the metric tensor g i j [42] . It turns out to be the metric tensor of the Beltrami-Klein disc model of hyperbolic geometry [43, p. 220] . Hence, ds 2 in (33) and (34) is the Riemannian line element of the Beltrami-Klein disc model of hyperbolic geometry, linked to Einstein velocity addition (7) and to Einstein gyrodistance function (32) [44] .
The Gaussian curvature K of an Einstein gyrovector plane, corresponding to the triple (E, F, G), turns out to be [43, p. 149 
The link between Einstein gyrovector spaces and the Beltrami-Klein ball model of hyperbolic geometry, already noted by Fock [13, p. 39] , has thus been established in two dimensions. Extension to higher dimensions is presented in [9, Sec. 9, Chap. 3], [11, Chap. 7] and [44] . For a brief account of the history of linking Einstein's velocity addition law with hyperbolic geometry see [45, p. 943] .
In full analogy with Euclidean geometry, the graph of the function
in an Einstein gyrovector space (R n s , ⊕, ⊗), where A, B ∈ R n s and −∞ < t < ∞, represents a geodesic line in the Beltrami-Klein ball model of hyperbolic geometry. It is a chord of the ball as shown in [9, 11] . The geodesic (36) passes through the point A at "time" t = 0 and, owing to the left cancellation law, (25) , it passes through the point B at "time" t = 1. Hence, the geodesic segment that joins the points A and B in Fig. 1 is obtained from (36) with 0 ≤ t ≤ 1.
The gamma factor (3), the hallmark of equations of special relativity, is related to Einstein addition by the gamma identity, (12),
which, according to Rosenfeld [46] , was first studied by Sommerfeld [3] and Varičak [47] . Introducing the rapidity φ v of v in an Einstein gyrovector space (V s , ⊕.⊗),
we have
so that the gamma identity (37) can be written in terms of rapidities as
According to Barrett [48] and Rosenfeld [46] , the angle A in (40) was interpreted by Sommerfeld [3] and Varičak [47] as the law of cosines for the hyperbolic triangle, where A is a hyperbolic angle in a relativistic "triangle of velocities" in the Beltrami-Klein ball model of hyperbolic geometry.
According (7) and (40), but could see no advantage in employing the latter form. The first author to print an explicit recognition of the link between velocity composition and hyperbolic geometry was Varičak [47] , a priority that was granted to him by Borel, as Walter notes in [8, pp. 118] .
In this paper we will turn the gamma identity (37) into the hyperbolic law of cosines (40) in modern guise, and derive known and novel consequences. To achieve the goal we introduce in Section 6 the Einstein gyrovector as the hyperbolic counterpart of the common vector in Euclidean geometry.
The Einstein gyrovector
Let A and B be two points of an Einstein gyrovector space (V s , ⊕, ⊗). Their difference v = A⊕ B is a gyrovector with hyperbolic length (gyrolength) A⊕ B . In two or three-dimensional Einstein gyrovector spaces the gyrovector A ⊕ B is viewed graphically as an arrow from A to B, as shown in Figs. 1 and 2 . Two gyrovectors A ⊕ B and C ⊕ D are equivalent if A ⊕ B = C ⊕ D, as explained in [24, 11] . This gyrovector equivalence relation is reflexive, symmetric and transitive, so that gyrovectors are equivalence classes. Any point P ∈ V s of the Einstein gyrovector space is identified with the gyrovector O ⊕ P, where O is the origin of the space V and, hence, the center of the ball V s .
In what seemingly sounds like a contradiction in terms, the Euclidean parallelogram has been extended in [9, 11] to the hyperbolic parallelogram. Since parallelism is denied in hyperbolic geometry, the hyperbolic parallelogram is defined with no reference to parallelism. It is a hyperbolic quadrilateral the diagonals of which share their hyperbolic midpoints. It is indeed interesting to see in [11] to what extent Euclidean and hyperbolic parallelograms (parallelograms and gyroparallelograms) share analogies, and how the hyperbolic two-dimensional parallelogram is extended to hyperbolic parallelepipeds (gyroparallelepipeds) in higher dimensions.
Following [11, pp. 161-162] , for any three points A, B, B of an Einstein gyrovector space let A be the point determined by the hyperbolic parallelogram condition, Fig. 1 , 
shown in Fig. 1 . The Einstein hyperbolic parallelogram addition law is commutative since, unlike Einstein addition ⊕, Einstein coaddition is commutative. Interestingly, the Einstein two-dimensional hyperbolic parallelogram addition law can be extended to the hyperbolic parallelepiped addition law in higher dimensions, which is both commutative and associative in some unexpected sense [11, pp. 389-394] . The relativistic mechanical validity of the hyperbolic parallelogram addition law (42) of relativistic velocities in the three dimensional Einstein gyrovector space (R 3 s , ⊕, ⊗) of all relativistically admissible velocities is evidenced from the effect known as stellar aberration [11, Ex. (17) , p. 442] [49] . Stellar aberration is the angular difference between the apparent directions of a star seen by observers in relative motion. The annual stellar aberration effect is, accordingly, the apparent angular change of the position of a star owing to the velocity of the Earth in its annual orbit about the Sun [50] [51, pp. 306-309].
Classically, stellar aberration is explained in terms of the velocity parallelogram law. Relativistically, however, it is explained by employing the Lorentz transformation of Einstein's special theory of relativity. In order to restore the classical picture, it is indicated in [11, p. 442] and [49] that, in full analogy with the use of the Euclidean velocity parallelogram law to explain the stellar aberration classically, the use of the hyperbolic relativistic velocity parallelogram law enables one to explain the stellar aberration relativistically. The relativistic interpretation of stellar aberration by the hyperbolic velocity parallelogram law in Fig. 1 gives a result which is identical with the one obtained in the literature by employing the Lorentz transformation [49] . Hence, the Einstein hyperbolic velocity parallelogram of relativistic velocities plays in relativistic mechanics the same role that the Euclidean velocity parallelogram law plays in classical mechanics.
Hyperbolic vectors, or gyrovectors, in Einstein gyrovector spaces are thus equivalence classes of hyperbolic directed segments that add according to the gyroparallelogram law, just as the common vectors in Euclidean geometry are equivalence classes of Euclidean directed segments that add according to the parallelogram law.
Gyrotriangle, the hyperbolic triangle
We now wish to uncover a gyrovector space approach to the study of the hyperbolic triangle (gyrotriangle, in gyrolanguage) which is analogous to the common vector space approach to the study of the Euclidean triangle [52] . We therefore introduce our standard hyperbolic triangle notation in Fig. 2 , which shares remarkable analogies with the standard Euclidean triangle notation. Let A, B, C ∈ V s be any three points of an Einstein gyrovector space (V s , ⊕, ⊗) that do not lie on the same geodesic, as shown in Fig. 2 for V s = R 2 s . The hyperbolic triangle with vertices A, B and C is denoted ABC.
The sides of a hyperbolic triangle ABC in the Einstein gyrovector space (V s , ⊕, ⊗) form the hyperbolic vectors (gyrovectors)
Accordingly, the hyperbolic side-lengths of the hyperbolic triangle ABC are
as shown in Fig. 2 . It follows from the notation in (44) that
where we use the notation a s = a/s, so that
and similarly for b 2 s and c 2 s , etc. The three triangle side gyrovectors in (43) satisfy the gyrovector identity [11, Theorem 2.11]
and the gyrovector identity [11, Theorem 3.13]
The Euclidean analogs of (47) and (48) are obvious. These are the vector identities
which, despite their simplicity, perform remarkably well in the vector space approach to Euclidean geometry. Identity (49) is known as the triangle law of vector addition. We, accordingly, call Identity (47) the gyrotriangle law of gyrovector addition.
Noting that gyrations keep the norm invariant, (30), Identity (48) implies
thus obtaining a gyrovector identity which has a form identical to its vector counterpart,
Identity (52) 
implies that Euclidean distance is invariant under Euclidean translations. In full analogy, Identity (51) implies that hyperbolic, Einsteinian distance (that is, gyrodistance (32)) is invariant under hyperbolic left translations (called left gyrotranslations in gyrolanguage).
We should note that in the limit of large s, s → ∞, the hyperbolic identities (47), (48) and (51) reduce, respectively, to their Euclidean counterparts (49) , (50) and (52) .
By the notation in (43), the gyrovector identity (51) can be written as
so that
It follows from (54) and the gamma identity (12) that
Noting that a = −a, Identity (55) can be written as
In (56) we define the hyperbolic angle (gyroangle, in gyrolanguage) γ = AC B of the hyperbolic triangle ABC in Fig. 2 by the equation
The analogy that the hyperbolic angle in (57) shares with its Euclidean counterpart is obvious. Hence, with the notation in (43) and (44) we have, as shown in Fig. 2 , the following definition.
Definition 7 (Gyroangle, The Hyperbolic Angle). Let C ⊕ A and C ⊕ B be two gyrovectors rooted at a point C in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry. Then, the measure of their included hyperbolic angle (gyroangle) γ is given by the equation
When C = O is the origin of the Einstein gyrovector space (V s , ⊕, ⊗), (58) reduces to
so that, accordingly, a hyperbolic angle with vertex at the origin, O, of its Einstein gyrovector space coincides with its Euclidean counterpart. In this sense we say that the origin of an Einstein gyrovector space is conformal. According to (58) and (59) the gyrocosine function cos is identical with the familiar Euclidean cosine function cos of a hyperbolic angle γ in an Einstein gyrovector space. It is the inner product of two unit gyrovectors that emanate from a common point and have included hyperbolic angle γ .
It follows from (30) and (48) that the hyperbolic angle (58) is invariant under hyperbolic left translations. We invite the reader to prove this result. (Hint: The hyperbolic left translation of the gyrovector A ⊕ C by X ∈ V s is (X ⊕ C) ⊕ (X ⊕ A), which is a gyrodifference to which Identity (48) can be applied.)
In (56) we have uncovered the following hyperbolic law of cosines in modern guise. For any triangle ABC, Fig. 2 , in any Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry,
In gyrolanguage the hyperbolic law of cosines (60) is called the law of gyrocosines. We should note that in the limit of large s, s → ∞, the law of gyrocosines (60) reduces to the trivial identity 1 = 1. Hence, (60) has no Euclidean counterpart, thus presenting a disanalogy between hyperbolic and Euclidean geometry. As a result, each of Theorems 8 and 9 below has no Euclidean counterpart as well. The law of gyrocosines (60) is useful for calculating one side (that is, the hyperbolic side-length), c, of a hyperbolic triangle ABC, Fig. 2 , when the hyperbolic angle γ opposite to side c and the other two sides, a and b, are known.
The law of gyrocosines and the SSS to AAA transformation law
Let ABC be a hyperbolic triangle in an Einstein gyrovector space (V s , ⊗, ⊕) with its standard notation in Fig. 2 . According to (60) the hyperbolic triangle ABC possesses the following three identities, each of which represents its law of gyrocosines,
Solving the system (61) of three identities for the three unknowns cos α, cos β and cos γ , we have the following.
Theorem 8 (The Hyperbolic SSS to AAA Transformation Law). Let ABC be a triangle in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry. Then, in the triangle notation in Fig. 2 ,
We call (62) the SSS (side-side-side) to AAA (angle-angle-angle) transformation law. It is useful for calculating the hyperbolic angles of a hyperbolic triangle when the hyperbolic sides (that is, the hyperbolic side-lengths) are known in an Einstein gyrovector space or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry.
The AAA to SSS transformation law
Unlike Euclidean triangles, the sides of a hyperbolic triangle are uniquely determined by its hyperbolic angles.
Theorem 9 (The Hyperbolic AAA to SSS Transformation Law). Let ABC be a triangle in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry. Then, in the triangle notation in Fig. 2 ,
where sin α is the nonnegative value of
Proof. Let ABC be a hyperbolic triangle in an Einstein gyrovector space (V s , ⊗, ⊕) with its standard notation in Fig. 2 . It follows straightforwardly from the SSS to AAA transformation law (62) that cos α + cos β cos γ sin β sin γ
implying the first identity in (63). The remaining two identities in (63) are obtained from (62) in a similar way.
We call (63) the AAA to SSS transformation law. It is useful for calculating the hyperbolic sides (that is, the hyperbolic side-lengths) of a hyperbolic triangle when the hyperbolic angles are known in an Einstein gyrovector space or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry.
Solving the third identity in (63) for cos γ we have
In the limit of large s, s → ∞, γ c reduces to 1, so that (66) reduces to the identity
The latter, in turn, is equivalent to the familiar result
in Euclidean geometry, according to which the triangle angle sum in π .
The law of gyrosines
Substituting (62) in (63), noting the relation (46) between a gyrotriangle side, a, in a gyrovector space (V s , ⊕, ⊗), and its gamma factor γ a , we obtain the following 
The law of gyrosines is fully analogous to the law of sines, to which it reduces in the limit, s → ∞, of large s. It can also be obtained directly from gyrotrigonometry, as shown in Fig. 4 .
The hyperbolic equilateral triangle
A hyperbolic equilateral triangle is a hyperbolic triangle with all three sides of equal hyperbolic length. As an application, let us find the sides of an equilateral hyperbolic triangle with a given hyperbolic angle θ > 0. It follows from (63) that the sides of the equilateral hyperbolic triangle are given by the equations
so that by (46),
In order to insure the reality of the hyperbolic side-length a, the gyrotriangle gyroangle θ > 0 is restricted to
so that 2 cos θ − 1 ≥ 0. Sides of hyperbolic length 0 correspond to θ = π/3, and they are included for convenience. We have thus established the following.
Theorem 11 (The Hyperbolic Equilateral Triangle Theorem). Let ABC be a hyperbolic equilateral triangle with sides a and hyperbolic angles θ in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry (that is, a = b = c and α = β = γ = θ in Fig. 2 ). Then
and a s = √ 2 cos θ − 1 cos θ .
In the limit of large s, s → ∞, (74) reduces to the equation
which, under condition (73), possesses the unique solution θ = π/3. Accordingly, in Euclidean geometry there is only one angle, θ = π/3, that generates an equilateral triangle. The sides of the Euclidean equilateral triangle, in contrast, can jointly assume any positive value.
The hyperbolic square
A hyperbolic square is a hyperbolic quadrilateral with all four sides of equal hyperbolic length and all four hyperbolic angles of equal measure θ > 0. Let a be the hyperbolic length of each side of a hyperbolic square, and let c be the hyperbolic length of each diagonal. Each hyperbolic diagonal of the hyperbolic square divides it into two hyperbolic triangles with hyperbolic sides a, a and c, and with corresponding hyperbolic angles θ/2, θ/2 and θ . Hence, by (63), each side a of the hyperbolic square and each of its diagonal c is related to its hyperbolic angle θ by the equations
so that, by (46),
In order to insure the reality of the hyperbolic side-lengths a and c, the hyperbolic angle θ > 0 is restricted to
so that cos θ ≥ 0. The hyperbolic square with hyperbolic side-length 0, corresponding to θ = π/2, is included for convenience. We have thus established the following.
Theorem 12 (The Hyperbolic Square Theorem). Let S be a hyperbolic square (gyrosquare) with sides a, diagonals c, and hyperbolic angles θ in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry. Then 
thus obtaining the first identity in (82). The second identity in (82), for b s , is obtained from the first identity, for a s , by interchanging α and β. Finally, the third identity in (82) has been verified in (66).
Noting Identity (46) for c 2 s , the first two identities in (82) imply a s b s = (γ 2 c − 1) sin α sin β (cos α sin β + γ c sin α cos β)(cos β sin α + γ c sin β cos α) .
This identity will prove useful in calculating the hyperbolic triangle defect in Section 14.
The system of identities (82) of Theorem 13 gives the ASA (angle-side-angle) to SAS (side-angle-side) transformation law. It is useful for calculating two hyperbolic sides and their included hyperbolic angle of a hyperbolic triangle when the remaining two hyperbolic angles and the side between them are known.
The hyperbolic triangle defect
It follows by straightforward substitution from (63) and (84) (a use of Mathematica for the substitution and its simplification is recommended for the first equation in (85)) that
where
is the defect of the hyperbolic triangle ABC in Fig. 2 .
Identity (85) is useful for calculating the defect of a hyperbolic triangle in an Einstein gyrovector space or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry, when two sides and their included hyperbolic angle of the hyperbolic triangle are known.
Let us now substitute cos γ from (62) and a 2 s and b 2 s from (46) in tan 2 (δ/2) of (85), obtaining
We see from (87) that the defect δ of a hyperbolic triangle ABC in an Einstein gyrovector space depends symmetrically on the triangle sides a, b and c, as expected. Formalizing, we have established the following.
Theorem 14 (The Hyperbolic Triangular Defect I). Let ABC be a hyperbolic triangle in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry, with the standard triangle notation in Fig. 2 . Then the triangular defect δ of ABC is given by the equation
In the limit of large s, s → ∞, gamma factors reduce to 1 so that (88) reduces to tan(δ/2) = 0 implying δ = 0. Hence, the defects of Euclidean triangles vanish, as expected.
As an exercise the reader may substitute (70) into (88) and employ Mathematica to prove that the hyperbolic triangle defect of a hyperbolic equilateral triangle with hyperbolic angle θ is δ = π − 3θ, as expected.
Noting (46) , the first equation in (87) can be written as
where γ , δ, p > 0, and
We see from (89) that the angular defect δ of a hyperbolic triangle ABC in an Einstein gyrovector space depends symmetrically on the triangle sides a and b that include the hyperbolic angle γ , as expected. Formalizing, we have established the following. . Using notation identical with the notation used for the elementary Euclidean trigonometric functions in a Euclidean vector space is justified since the interrelations of the elementary trigonometric functions in the hyperbolic geometry of Einstein gyrovector spaces is identical with that of their Euclidean counterparts modulo gamma factors. Thus, for instance, sin 2 α + cos 2 α = 1 and cot α = cos α/ sin α = γ c b/(γ a a) in gyrotrigonometry. Since the terms "hyperbolic sine" and "hyperbolic cosine" are already in use in the literature in a different context, and in order to conform with our gyrolanguage, we coined in [11] the terms "gyrosine" and "gyrocosine", etc.
Theorem 15 (The Hyperbolic Triangular Defect II). Let ABC be a hyperbolic triangle in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry, with the standard triangle notation in Fig. 2 . Then the triangular defect δ of ABC is given by the equation
The hyperbolic right-angled triangle
Before embarking on the hyperbolic trigonometry (that is, gyrotrigonometry in gyrolanguage) of Einstein gyrovector spaces we must explore the hyperbolic right-angled triangle in these spaces. Let ABC be a right-angled triangle in an Einstein gyrovector space (V s , ⊕, ⊗) with the hyperbolic right angle γ = π/2, as shown in Fig. 3 for
s . It follows from (63) with γ = π/2 that the sides a, b and c of triangle ABC in Fig. 3 are related to the non-right hyperbolic angles α and β of the triangle by the equations
The identities in (93) imply the Einstein-Pythagoras Identity In the special case when the hyperbolic triangle is right-angled as in Fig. 3 where γ = π/2, it follows from the Einstein-Pythagoras Identity γ a γ b = γ c , (94), that the triangle defect identity (87) specializes to
Identity (95) gives the defect δ of a right-angled triangle in the Beltrami-Klein ball model of hyperbolic geometry. The defect of a right-angled triangle in the Poincaré ball model of hyperbolic geometry was calculated in [9, Eqs. (6.78)-(6.79)] and later, but independently, in [55] . It was generalized to an arbitrary triangle in the Poincaré ball model in [11, Eq. (8.135) ].
Hyperbolic trigonometry in Einstein gyrovector spaces
Let a, b and c be the two legs and the hypotenuse of a right-angled triangle ABC in an Einstein gyrovector space (V s , ⊕, ⊗), Fig. 3 . By (46) and (93) we have
Similarly, by (46) and (93) we also have
Since sin 2 θ + cos 2 θ = 1 for all θ ∈ R, Identities (96) and (97) imply
Moreover, it follows from (96) and (97) that
and sin α = γ a a γ c c
Interestingly, the gyrocosine function of a hyperbolic angle of a right-angled triangle in an Einstein gyrovector space has the same form as its Euclidean counterpart, the cosine function. In contrast, the gyrosine function has the same form as its Euclidean counterpart, the sine function, modulo gamma factors. , and employing a basic gyrotrigonometric formula, shown in Fig. 3 , we obtain the Law of Gyrosines, (69), in full analogy with the derivation of its Euclidean counterpart, the Law of Sines.
Identities (98) give rise to the following two distinct hyperbolic Pythagorean identities,
for a right-angled triangle with hypotenuse c and legs a and b in an Einstein gyrovector space or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry, shown in Fig. 3 . The two distinct hyperbolic Pythagorean identities in (101) that each hyperbolic right-angled triangle possesses degenerate in the limit of large s, s → ∞, into the single Euclidean Pythagorean identity
that each Euclidean right-angled triangle possesses. This indicates that the structure of hyperbolic geometry is richer than that of Euclidean geometry. Accordingly, the structure of Einstein addition of relativistic velocities is richer than that of the common vector addition of classical velocities as well.
Some authors [56, p. 363] hold the opinion that "in the hyperbolic model the Pythagorean theorem is not valid!" In other words, "the Pythagorean theorem is strictly Euclidean". It is therefore interesting to realize that while Euclidean geometry possesses a single Pythagorean identity, (102), the Beltrami-Klein model of hyperbolic geometry possesses a pair of Pythagorean identities, (101). Furthermore, in the same way that the Euclidean single Pythagorean identity (102) gives rise to Euclidean trigonometry, the pair of Pythagorean identities (101) gives rise to hyperbolic trigonometry, as shown in Fig. 3 . A different way to present the hyperbolic Pythagorean theorem is presented in [57] in the Poincaré ball model of hyperbolic geometry.
As an application of gyrotrigonometry, we employ the gyrotrigonometric identity in (100) to re-derive in Fig. 4 the Law of Gyrosines (69).
As another application of gyrotrigonometry the reader may verify the following. 
The proof of Theorem 16 is fully analogous to the proof of its Euclidean counterpart, in which one employs elementary trigonometry.
To obtain the equations, (103), of Theorem 16 that exhibit a remarkable analogy with Euclidean triangle geometry, the hyperbolic triangle sides and heights are relativistically corrected in terms of the relativistic gamma factor (3). Greenberg informs [53, p. 321]: "It can be proved rigorously that in hyperbolic geometry the area of a triangle cannot be calculated as half the base times the height." In Section 17 we will see that if "half the base" and "height" of a hyperbolic triangle are appropriately relativistically corrected in terms of the relativistic gamma factor (3), their product does give the hyperbolic triangle area.
The hyperbolic triangle area
The identities of Theorem 16 imply that each of the terms γ a aγ h a h a , γ b bγ h b h b and γ c cγ h c h c , depends symmetrically on the sides a, b, c of the hyperbolic triangle ABC in Fig. 2 . This is indeed the case since, by (100), (46) and (62), and Identity (87) for tan(δ/2), we have In order to show that this is indeed the case, and noting that in hyperbolic geometry the hyperbolic triangle area is measured by its defect [58, 55] , we present the following variation of the hyperbolic triangle area definition.
Definition 17 (The Hyperbolic Triangle Area). Let ABC be a triangle in an Einstein gyrovector space (V s , ⊕, ⊗) or, equivalently, in the Beltrami-Klein ball model of hyperbolic geometry. Then, the area (gyroarea, in gyrolanguage) |ABC| of ABC, Fig. 2 , is given by the equation
where δ is the defect of triangle ABC, and K = −1/s 2 is the Einstein gyrovector space Gaussian curvature (35) .
By (105) and (106), the hyperbolic area of hyperbolic triangle ABC is given by the equation
γ a aγ h a h a .
In the limit of large s, s → ∞, each gamma factor in (107) reduces to 1 and, hence, (107) reduces to the familiar Euclidean triangle area,
where now, in (108), a and h a are understood in their Euclidean sense, as noted in the second paragraph below (52) . The assumption in the title of [59] , "Why Euclidean area measure fails in the noneuclidean plane", is therefore not fully justified. If (i) the hyperbolic triangle area (gyroarea) is appropriately defined, as in Definition 17, and if (ii) the Euclidean triangle area is appropriately corrected relativistically, as in (107), then the hyperbolic triangle area (107) is in harmony with its Euclidean counterpart (108) in the following sense. The hyperbolic triangle area (107) turns out to be the relativistically corrected Euclidean area (108).
Interestingly, the hyperbolic triangle centroid is also given by its relativistically corrected Euclidean counterpart, as shown in [34] . Other relativistically corrected classical concepts in terms of gamma factors, (i) time dilation, (ii) length contraction, and (iii) relativistic mass, are well known in special relativity. A similar observation in the Poincaré ball model of hyperbolic geometry, or equivalently, in the Möbius gyrovector space, is found in [11, Sec. 8.7] . Other ways to introduce non-Euclidean trigonometries are found, for instance, in [60] [61] [62] .
Epilogue
The problems that are simple and easy to solve in trigonometry, in group theory, and in vector space theory have been solved in nineteenth and twentieth-century mathematics. Hence, these disciplines can only grow in the twentyfirst century by tackling complex and difficult problems, requiring specialization. Some of the resulting branches of specialized theories are no more than dry and atrophied twigs which die a natural death. Among the branches that are healthy and thriving are gyrotrigonometry, gyrogroup theory, and gyrovector space theory. These theories are still in their infancy, thus presenting a plethora of interesting simple and easy problems that one may wish to solve. Readers of this article are thus invited to join us on the journey into the twenty-first century mathematics of gyrogeometry, involving gyrotrigonometry, gyrogroups, and gyrovector spaces, (i) where the hyperbolic geometry of Bolyai and Lobachevski turns out to be the gyro-Euclidean geometry, and (ii) where the relativistic mechanics of Einstein turns out to be the gyro-Newtonian mechanics [9, 11] .
